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ABSTRACT

Limit equilibrium methods (LEM) are often used in practice to evaluate slope stability
in terms of factor-of-safety. With advances in computational methods and rapid
developments in computer software and hardware, finite element (FEM) or finite
difference methods (FDM) are increasingly utilized to analyze slope stability (Griffiths
and Lane, 1999). The advantages of FEM and FDM over LEM are that there is no need
to make any assumption about the critical slip surface (e.g. location and shape), and
quantities such as stress, strain, displacements, pore pressures in slopes, can be
calculated.

In recent years, a numerical scheme called the meshfree method has been
developed. The main difference between meshfree method and conventional
FEM/FDM is that no mesh is necessary throughout the analysis process. While
retaining the benefits of conventional numerical schemes, meshfree method can be
more advantageous when problems with large deformation are encountered. This is
because accuracy of solution is often lost when there is significant mesh distortion. In
this paper, a meshfree method named Semi-Lagrangian Reproducing Kernel Particle
Method (SLRKPM, Guan, et al., 2011) is developed to analyze several slope stability
problems. Analysis results are compared to those from finite element methods. In
addition, the potential for utilizing the meshfree method in geotechnical problems with
large-deformation, e.g., the post-failure behavior of slope, is explored and discussed.

INTRODUCTION

In the last few decades, computational methods such as finite element method
(FEM) and finite difference methods (FDM) has become more popular in geotechnical
engineering practice due to advances in computer hardware and development of
commercial software. Numerical modeling is especially useful when no simplified
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theoretical solution is available, for example, slope stability with complex geometry and
heterogeneous soil layers, staged excavation of soil with dewatering etc.. However,
most numerical formulations can only model up to the point of failure or allow finite
deformation. In recent years, meshfree method (e.g Liu et al., 1995; Chen et al., 1996)
has been developed extensively. As suggested by its name, no mesh is required when
the numerical modeling is performed. This would be attractive when large deformation
is encountered as numerical solution would not be affected by the problem of mesh
distortion. In this paper, a recently developed meshfree formulation called “semi-
Lagrangian reproducing kernel particle method” will be first discussed. Examples of
slope stability problems analyzed by this new method will be presented. Finally, the
capability of this method in analyzing geotechnical problem with large deformation will
be demonstrated.

THEORETICAL FORMULATION OF SEMI-LAGRANGIAN REPRODUCING KERNEL
PARTICLE METHOD

Governing Equations

The semi-Lagrangian Reproducing Kernel Particle method (SLRKPM, Guan, et al.,
2011) is a modified approach based on the Total Lagrangian or Updated Lagrangian
governing equations. To employ path dependent material behavior, here we derive the
weak form by using the Updated Lagrangian form. Consider a continue body occupying

domain Q,, with Dirichlet boundary I'% and Neumann boundary I'.. The deformed
body occupies Q, with boundaryI and I',. A mapping function x=a(X,) is defined

to describe the motion of the body from the undeformed location X to deformed location
x. The weak form based on the principle of virtual power is as follows
o(ov,
[ svpvdar+ [ M%dﬁ— [ ov.phdQ- [, 6vhdr =0 (1)
N N axj N x

Where p, v,, v,, o, bl., h,. are density, velocity, acceleration, Cauchy stress, body
force and surface traction based on the deformed configuration. The lower case index i
represent the current coordinate x. The deformation gradient is defined as

F, =ox[0X, (2)
The gradient of each term in eqn. (1) with respect to current coordinate could be
converted to the initial configuration as follows:

L Sv,pv.dQ = L 5v,p"v.dQ) (3)

o(4v,) _ [ 9%V 1 _ [ 9%,
LXTJ%CM_ LXEF;K%JCJQ_ N ax e (4)
J'QX SvbdQ = L 5v,b.JdQ) = jQX 5v,b’dQ (5)
[,ovhdr = [, 6vo,FylnpJdl = [ ovh'dT (6)
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o . b'. K are initial density, body force, and surface traction, J is the determinant of

1

deformation gradient F,, n; is the surface normal, F, is the nominal stress

P=JF'e (7)

Reproducing Kernel Approximation
Consider the deformed body occupying close domain S_Ex =Q_UT, is discretized

by a set of RK nodes NP. The function u(x) within the domain QX can be approximated
by the reproducing kernel approximation.

uh(x)zf:‘{’,(x;x—x,)d, (8)

where u"(x) is the approximation of the original function u(x), ¥, (x;x-x,) and d, are
the RK shape function and nodal coefficient for node /. The RK shape function is
constructed by the multiplication of a smoothed function called kernel function
¢u(x—x,) , and a polynomial based correction function.

Y (xx-x,)=C(x;x—-x,)¢, (x—x,) (9)
The kernel functions determine the smoothness and the locality of the approximation.
The kernel function is defined based on the distance from each RK node. The function
is non-zero within an area called support region “a” and is zero elsewhere. An example
of kernel function is as follows

2/3-4z" +47° for0<z<0.5
Z:”x—x,"’ ¢, (z)= 4/3—4Z+422—§Z3 for0.5<z<1, (10)
a
0 forz>1

The correction function is the collection of polynomials up to the order N.
N :
C(x;x—x,)=> b(x)(x—x,) =H" (x-x,)b(x)
i=0
HT(x—x,)=[1,(x—x,)1,(x—x,)z,...,(x—x,)N} (11)
b" (x)=b,(x).b'(x).b(x),....5" (x)]

where (x—x,)i vector contains the complete i-th row of Pascal’s triangle, and bi(x) is

the vector of associated unknown coefficients of (x—x,)i. To solve the coefficient

vector b" (x), the following consistency condition is imposed
NP
DV (x)x, =x i<N (12)
I=1

The coefficient vector is obtained by solving the eqn.(12)
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M (x)b(x)=H(0)

H(0)=[1,0,...,0] (13)
M(x)::VZjD;H(x—xJ)HT(x—xj)qéa(x—xj)
b(x)= M (x) H(0) (14)

Notice that constructing the moment matrix M(x) requires to collect the neighbor points

whose supports are covering the location x, as shown in Fig. 2. Substituting eqns. (14)
and (11) into (9),
Y, (xx—x,)=H (0)M ™' (x)H(x-x,)4,(x—x,) (15)

« RK nodes
___Domain Boundary

° ®
) e ©
, [
L o ! ® Point of evaluation x
R o ° e RKnodes
] .,
o .
, @ ° . RK nodes with its
e ® support covering x
®
®
o.. * .‘
o0

- ® - - [ ®
Fig. 2 Example of RK support and neighboring nodes for constructing moment matrix
M(x) ineqn (13)

Semi-Lagrangian Reproducing Kernel Approximation
The Lagrangian reproducing kernel particle method introduces the shape function
based on the initial configuration

l111(X§X_X1):HT(O)IWA(‘X)H(‘X_XI)¢a(X_Xl) (16)
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where X, are the original (un-deformed) location of the RK points. The deformed nodal
location is approximated by the RK approximation

x=w(X,t) Zl}f (X;X-X,)X, (17)

Substituting eqn. (17) into (2) we obtaln

Y, (X)
=0x,/0X, =) | ——— | X, 18
The mapping process by (17) is more stable comparing with standard FEM method.
However, when extremely deformation occurs, such as land slide, debris flow and soil
boiling process during liquefaction, the mapping by (18) breaks down if deformation
loses positive definite property.

To avoid using the deformation gradient, the semi-Lagrangian reproducing kernel
particle method (SLRKPM) is introduced.

Under the SLRKPM method framework, the RK shape functions are constructed under
the deformed configuration.

Y, (x;x—x,)=H" (0)M ™' (x)H (x-x,)¢,(x—x,) (19)
where X, are the deformed location of the RK points. A comparison of Lagrangian
kernels and semi-Lagrangian kernels is shown in Fig. 3. The reconstruction of kernel
P, (x—x,) under current configuration gives the flexibility of allowing neighbor nodes to
be added in the moment matrix in eqn. (13). The semi-Lagrangian RK shape function is
introduced to approximate the velocity
NP
UEDIR ACETE AN (20)
1=1

Substituting eqgn. (20) into eqns. (1), the governing equation is obtained after some
derivation

My + Ny = f — f™ (21)
where
M, =[ p¥ (x)¥,(x)1dQ
N, = [ p¥, (x)¥)(x)1dQ 2
fin = L Bl dQ
L ¥, (x)bdQ+ jr x)hdl
and ['is the identity matrix, B, is the gradient matrix associated with v ;, = v itV /2

o is the stress vector associated with ; and b and h are body force and surface

traction vectors, respectively. The time derivative of kernel leads to the following special
term:
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¥, (x)=C(x3x—x,)4, (x—x,) (23)

¢a<x—x,)=¢a[@}¢;(”"‘xf||j"-<v—vz> 24

a a

where v, is the nodal velocity vector and n=(x-x,)/|x-x,|. The matrix N, is
associated with the convective effect due to the relative motion of RK nodes. The
significance of the convective term is discussed in Guan et. al. (2009). The temporal
stability is affected by velocity gradient between RK nodes shown in eqn. (24). Higher

velocity gradient leads to more restricted stability condition (smaller time step).

underformed configuration
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5
0
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-10 :
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Fig. 3 Comparison of Lagrangian and Semi-Lagrangian kernel under deformation.
Black solid circle: RK nodes; Blue circle: RK support

SLOPE STABILITITY ANALYSES

The semi-Lagrangian reproducing kernel particle formulation presented in
previous section is coded in a Fortran program. Several examples of slope stability
analysis, which are taken from Griffiths and Lane (1999), are analyzed. The results
calculated from the meshfree program are compared to the results from traditional limit
equilibrium methods as given in Griffiths and Lane (1999) and finite element analyses
using Abacus.

Soil Model
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The soil parameters considered in the slope stability analysis examples include
Young’s modulus (E), Poisson’s ratio, unit weight (y), friction angle (¢'), cohesion (c’)
and dilation angle which values are the same as those from Griffiths and Lane (1999).
In both Abacus and our meshfree program, a linear Drucker Prager model is used. The
failure criterion (F) is given by:

F=g-ptanf—-d=0 (25)

where p = —%tmce(O') , g = ,/%(S :S), ocand S are Cauchy stress and deviatoric stress

tensors respectively. Parameters g and d can be converted from cohesion and friction
angle from the Mohr-Coulomb model using the following equations:

tan B =3sing (26)
d=+3(c)cosg (27)

In our analyses, dilation angle is set to be zero, hence a non-associated flow is
assumed. Moreover, perfect plasticity is used.

Determination of Factor-of-Safety and Slope Failure

In traditional limit equilibrium methods, the stability of slope is reflected by means
of factor-of-safety (FOS). FOS is defined as the ratio of the available strength to that
required to keep the slope stable. In both finite element analyses by Abacus and our
meshfree program, FOS is estimated using the strength reduction technique (Matsui
and San, 1992). Original strength parameters (¢ and c¢’) would be reduced (by a
sequence of factor, denoted as “SRF”) according to equations (28) and(29). In our FE
analyses by Abacus, FOS is chosen to be corresponding to the largest SRF for which a
converged solution can still be obtained. Convergence of solution would be achieved
when the difference in solutions from successive iterations is smaller than some pre-
defined limit and also the total number of iterations must be smaller than the pre-
defined maximum number of iterations. For our meshfree program, since the solution
algorithm is written under a dynamic framework, convergence of solution is achieved
when total kinetic energy approaches zero.

Croeed =C. / SRF (28)

original

¢;educed = tan_l (tan ¢(;rigina1 / SRF) (29)

Example 1: Homogeneous slope with no foundation layer The soil material has a ¢ of
20°, ¢’ of 10000 N/m? and y of 20000N/m®. The height of the slope is 10m and the slope
angle is 26.57°. Fig. 4 A plot of dimensionless displacement with strength reduction
factor for Case 1 (Homogeneous slope)shows a plot of dimensionless displacement
(EUmaxlyH?) with strength reduction factor (SRF). As SRF increases, the (dimensionless)
displacement increases. When the slope starts to fail, the displacement would increase
excessively. For both FEM and meshfree methods, this occurs at SRF of 1.35 and 1.4
respectively. The FOS as determined using Bishop and Morgenstern (1960) by Griffiths
and Lane (1999) is 1.380. It should be noted that the difference in displacements from
FEM and meshfree method is due to the fact that meshfree method utilizes the dynamic
framework. Fig. 5 Displacement contour plot for Case 1 (Homogenous slope) shows
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the displacement contour plot from meshfree method. The critical slip surface occurs at

location where contour changes rapidly.

dimensionless displacement vs. SRF
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Fig. 4 A plot of dimensionless displacement with strength reduction factor for Case 1

(Homogeneous slope)
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Fig. 5 Displacement contour plot for Case 1 (Homogenous slope)

Example 2: Homogeneous slope with foundation layer The only difference between
Examples 1 and 2 is that there is a 5m foundation layer. The properties of the
foundation material is the same as those for the slope material. The slope is 10m high
and inclines at 26.57°. According to Fig. 6 A plot of dimensionless displacement with
strength reduction factor for Case 2 (Homogeneous slope with foundation layer) the
FOS’s as determined from Abacus and meshfree method are 1.38 and 1.4 respectively,
which are essentially the same as the results from example 1. The displacement
contour plot from Fig. 7 Displacement contour plot for Case 2 (Homogenous slope with
foundation layer)suggests that the critical slip surface passes through the toe of the

slope although there may be some local failure near the top of the slope.
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dimensionless displacement vs. SRF
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Fig. 6 A plot of dimensionless displacement with strength reduction factor for Case 2
(Homogeneous slope with foundation layer)
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Fig. 7 Displacement contour plot for Case 2 (Homogenous slope with foundation layer)

Example 3: An undrained clay slope with a weak foundation layer The slope is made
of undrained clay material. The height and inclination of the slope are 10m and 26.57°
respectively. The strength of the slope material is represented by undrained cohesion
cu1 (Where cy1/yH=0.25). The thickness of the foundation layer is 10m. The shear
strength of the foundation material is represented by undrained cohesion c,,. Three
values of ¢y, (at 0.6c,1, 1.5¢y1, 2.0cys respectively) are considered. Fig. 8 A plot of
dimensionless displacement with strength reduction factor for Case 3 (Undrained clay
slope with foundation layer, C,,/C,1=0.6), Fig. 10 A plot of dimensionless displacement
with strength reduction factor for Case 3 (Undrained clay slope with foundation layer,
Cuw2/Cy1=1.5) and Fig. 12 A plot of dimensionless displacement with strength reduction
factor for Case 3 (Undrained clay slope with foundation layer, C,,/C,1=2.0)show that
the FOS’s as determined from FEM and meshfree method are very similar. For the
case of Cy/Cy1=2.0, it has been found that if we refine the number of nodes in the
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meshfree model, the FOS will get closer and closer to that from FEM. The critical slip
surfaces as suggested by the displacement contour plots (Fig. 9 Displacement contour
plot for Case 3 (Undrained clay slope with foundation layer, C,,/C,1=0.6) Fig. 11
Displacement contour plot for Case 3 (Undrained clay slope with foundation layer,
Cuw2/Cy1=1.5) and Fig. 13 Displacement contour plot for Case 3 (Undrained clay slope
with foundation layer, C,,/C,1=2.0)) are also reasonable and consistent with the results
from FEM.

dimensionless displacement vs. SRF for Cu2/Cu1=0.6
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Fig. 8 A plot of dimensionless displacement with strength reduction factor for Case 3
(Undrained clay slope with foundation layer, C,,/C,1=0.6)
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Fig. 9 Displacement contour plot for Case 3 (Undrained clay slope with foundation layer,
Cu2/C,1=0.6)
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dimensionless displacement vs. SRF for Cu2/Cu1=1.5
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Fig. 10 A plot of dimensionless displacement with strength reduction factor for Case 3
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Fig. 11 Displacement contour plot for Case 3 (Undrained clay slope with foundation
layer, C2/Cy1=1.5)
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dimensionless displacement vs.SRF for Cu2/Cu1=2.0
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Fig. 12 A plot of dimensionless displacement with strength reduction factor for Case 3
(Undrained clay slope with foundation layer, C,,/C41=2.0)
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Fig. 13 Displacement contour plot for Case 3 (Undrained clay slope with foundation
layer, C,2/Cy1=2.0)

POST-FAILURE ANALYSES

Due to the problem imposed by mesh distortion, FEM analyses are only capable
of modeling condition up to failure or finite deformation. Here, we are going to
demonstrate that meshfree method is capable of modeling post-failure behavior when
deformation is large.

In this example, the slope inclines at 63.4°. To show that the meshfree method can still
work even after the soil material has failure, uniform pressure is gradually increased
and applied on the top of the slope until the slope fails. As observed from Fig. 14, soil
materials from the failed slope slide down the slope and accumulate at the bottom of
the slope.
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Fig. 14. post-failed slope modelled by meshfree method

CONCLUSION

Slope stability analyses have been performed using meshfree method. Factor-of-safety
estimates are found to be consistent between FEM and meshfree method. Similar to
FEM, meshfree method retains the benefits over traditional LEM, i.e., no assumption
about critical slip surface needs to be made prior to analysis and failure occurs naturally
at zones where applied shear stress exceed shear strength. Moreover, the last
example presented in this paper demonstrated that meshfree method can be used to
model the condition after slope failure (or large deformation) has occurred.
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