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ABSTRACT 
 

     The clarification on the collapse mechanism of a caisson breakwater has been an 
urgent task in order to reduce damages caused by next millennium tsunamis. In this 
study, piping destruction of a mound induced by seepage flow is taken into 
consideration solely. A stabilized ISPH method proposed by Asai (2012) is adopted 
with some modification associated with the extended Darcy law (Akbari 2013, 2014) to 
simulate both seepage flow and surface-flow phenomenon. The numerical results in 
piezo water head show quantitative agreement with hydraulic experimental results 
obtained by Kasama (2013). Furthermore, initiation of the mound collapse behavior can 
be predicted by the critical hydraulic gradient calculated from our numerical solutions. 
 
 
1. INTRODUCTION 
 
     The huge tsunami induced by the Tohoku-Kanto earthquake caused great 
damages to the port structures including breakwaters. In order to reduce the expected 
damages induced by next millennium tsunamis, the clarification on the collapse 
mechanism of breakwaters has been an urgent task. A variety of research on a 
caisson-typed breakwater has been done, and the following three causes have been 
found: (i) horizontal force due to the water-level difference between the front and back 
of a caisson, (ii) scour induced by tsunami overtopping in the rear of a caisson, (iii) 
seepage-induced piping caused by the bearing capacity degradation of a mound. The 
interaction of these three causes has not been clarified yet because of the complexity 
associated with the failure of breakwaters. The development of analysis methods for 
each cause will lead to a robust analysis scheme which is capable of handling these 
different phenomena simultaneously. In this paper, we only focus on the cause (iii), 
seepage-induced piping caused by the bearing capacity degradation of a mound, as a 
fundamental study.  
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     In this study, we reformulated a stabilized ISPH method (Asai 2012) by referring 
to the governing equations employed in (Akbari 2013, 2014) for solving porous flow. 
Moreover, we implemented a validation test by using the analysis method. The 
obtained results will be compared with the experiments, which is conducted by Kasama 
(2013), focused on seepage flow acting on a caisson-typed breakwater. 
 
2. The governing equations for surface-flow and seepage flow 
 
In this section, the governing equations for solving surface-flow will be described. Then, 
the unified equation which is capable of handling surface-flow and seepage flow 
continuously will be also introduced. 
 
     2.1 The governing equations for surface-flow  
     In general, surface-flow is modeled as a Newtonian fluid and the Navier-Stokes 
equation and continuity equation are applied to prescribe its motion. 
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where v ,  P ,  g  are the fluid velocity, the fluid pressure, and the gravitational 
acceleration respectively. Besides, νw and ρw are the coefficient of kinematic viscosity 
and the density of water. Here, νT represents the coefficient of eddy viscosity. 
 
     2.2 The unified governing equation for both surface-flow and seepage flow 
     The unified governing equation, which can handle both surface-flow and seepage 
flow continuously, is introduced by Akbari (2013, 2014) as follows: 
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Here,   is the density calculated from the mass of pore water excluding the solid parts, 

such as the medium particles and so on. ε is the porosity of the medium. The   and 

ρ
w satisfy the correlation w   when the saturated medium is assumed. Moreover, 

νE is the effective kinematic viscosity given by νE(ε)  =(νw+νT)/ε, while vD is called as 
the Darcy velocity or the mean velocity prescribed by the following equation vD=εv. 
Here, C r(ε) is the inertia coefficient suggested by Van Gent (1995). 
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34.01rC : Inertia coefficient                   (4) 

 
Furthermore, a(ε), b(ε) are the linear and non-linear coefficient respectively. There are 
various ways to define these two empirical coefficients. However, there has been no 



  

general agreement yet according to (Akbari 2013, 2014). In this research, the following 
coefficients proposed by Irmay (1958) are employed in our formulation. 
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  : Linear coefficient                   (5) 
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  : Non-linear coefficient                  (6) 

 
D5 0  in above equations represents the average diameter of the medium. There are also 
many proposals for the linear porous parameter αc and the non-linear porous 
parameter βc in Eq. (5) and Eq. (6). By referring to (Akbari 2013, 2014), αc and βc are 
set to 100 and 1.1 in this study. 
 
3. The formulation of a stabilized ISPH method 
 
A stabilized ISPH method, formulated by Asai (2012), is one of the particle methods for 
incompressible fluid. The characteristic point of this method is the relaxation coefficient 
which plays an key role to introduce the effect of the density-invariance condition into 
the general Pressure Poisson Equation. In this section, the stabilized ISPH method 
reformulated based on the unified governing equations will be summarized. (For details 
see Morimoto 2014.) 
 
     3.1 The basic concept of SPH method 
     Here, the fundamental concept of the scheme will be summarized. A physical 
scalar function ),( tx  at an arbitral sampling point x may be approximated as 
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where W is called as the smoothing kernel function. In this research, the cubic B-spline 
curve proposed by Monaghan (1985) is adopted. For the SPH numerical analysis, the 
integral equation (7) is rewritten using the summation notation, considering the 
contribution of neighbor-discretized particles in the range of the smoothing length h.   
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Here, the subscripts i and j indicate the particle numbers, while ρ j  and m j  are the 
representative density and the representative mass related to the particle j respectively. 

The triangle blankets   indicate the SPH interpolation calculated by referring to the 

neighbor particles inside the supported domain.  
 
 
 



  

     3.2 Pressure Poisson Equation considering seepage flow 
     Assuming that slight compressibility is allowed; the density-invariance condition is 
not needed to be satisfied instantaneously, while considerably smaller incremental 
particle density than the actual density difference may be given by multiplying the 
coefficient, α. 
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Here, α )10(  is called as the relaxation coefficient, and is set to 0.01 in this 

research. Then, the Pressure Poisson Equation may be described as  
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According to the above formulation, good distribution in pressure is obtained by 
referring to the velocity distribution in each time step. Furthermore, the error related to 
density may be eliminated gradually by the effect of the density-deference term. Since 
density is almost kept constant during the numerical computation, this analysis scheme 
can also yield fairly good conservation of volume. 
 
4. The physical quantity of a mound particle  
 
In this research, the following three physical quantities related to a mound particle, 
which are the piezo water head, hydraulic gradient and coefficient of permeability, need 
to be evaluated. Note that the mound particles are not related to the SPH computation, 
and just handled as reference points for observing physical quantities. These physical 
quantities are calculated on water particles first. Then, these obtained physical 
quantities are interpolated into a mound marker following the SPH approximation. 
Moreover, the threshold for piping destruction is also introduced.  
 
     4.1 The physical quantities for a mound 
     The piezo water head is given according to its definition as 
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where, z  is the height from the settled datum. Note that the density is defined as w  

on the first term in the right hand side of Eq. (11). Moreover, the hydraulic gradient is 
defined as the gradient of the piezo water head as follow: 
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The coefficient of permeability is given by 
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All these three physical quantities are related to water particle. Then, the physical 

quantity on the mound marker mound

i
  is estimated by referring to the physical quantity on 

water particle 
water

j  using the weighting function. 
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     4.2 The threshold for judging piping destruction 
     For judging piping destruction, the hydraulic gradient on the mound marker, which 
is given by interpolating the hydraulic gradient of water particle into the mound marker 
using the SPH approximating function Eq. (14), is compared with the critical hydraulic 
gradient proposed by Terzaghi (1948). 
     The critical hydraulic gradient is defined as 
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where, 

w
  and '  are the unit weight of water and the submerged unit weight of the 

soil respectively. Gs is the specific gravity of the mound particle, and is set to 2.03 
referring to the experiment conducted by Kasama (2013). e is the void ratio, which is 
defined as e=ε/(1-ε). As a fundamental study, the condition of the mound marker is 
considered to change from the fixed-condition to the moveable-condition when the 
norm of the gradient of the piezo water head on the mound marker exceeds the critical 
hydraulic gradient defined by Eq. (15). 
 
5. Numerical test  
 
As an objective of this numerical test, the hydraulic experiment conducted by Kasama 
(2013) is selected. In this section, the analysis model and results will be described. 
 
     5.1 The experimental model and analysis model 
     The experimental model is shown in Fig.1. The water level of both outside and 
inside a port was being kept at the same level during the experiment by the effect of the 
installed drainage function. There are 25 water-pressure gauges to measure the piezo 

water head. In the experiment, the four different cases in water-level difference Δh, 

40mm, 80mm, 120mm and 145mm, were conducted. In particular, piping destruction was 

observed when the water-level difference is 145mm. Therefore, only one case with Δ
h=145mm is only taken into consideration in this study.  
 



  

 
Fig.1 Experimental model 

 

 
Fig.2 Analysis model 

 
Meanwhile, the analysis model is presented in Fig.2. For the analysis model, 25 
reference points are also provided at the same locations as the experimental model 
and the measured piezo water in numerical analysis will be compared with the 
experimental result. The total number of particles is approximately 900 thousand, as 
well as the diameter of particles is set to 1cm. The time increment is 0.001sec. 

 
     5.2 Analysis result of the distribution in piezo water head 
     Fig.3 shows the distribution in piezo water head when the seepage flow inside the 
mound is almost steady. The datum, for calculating piezo water head using Eq. (11), is 
set to the same height as the water level inside the port by referring to the experiment. 
Note that the distribution in piezo water head in Fig.3 is the interpolated distribution on 
the mound markers. Fig.4 illustrates the measured piezo water head at 25 water-
pressure gauges. As can be seen in fig.4, there are slight difference in piezo water 
head between the experimental and analytical results. This error may be considered to 
be caused from the difficulty to keep the water at the settled level in both experiment 
and analysis. 
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Fig.3 Distribution in piezo water head 

 

 
Fig.4 Measured piezo water head at the 25 water-pressure gauges  

 
     5.3 Analysis result of piping destruction 
     Fig.5 depicts the result on the projection of piping destruction using the critical 
hydraulic gradient. Note that the movement of the caisson is not taken into 
consideration in this study. As shown in Fig.5, it is confirmed that piping destruction 
starts up in the rear of the mound and under the caisson, as well as the shape of piping 
destruction was reproduced qualitatively. However, the development of piping 
phenomenon in this analysis is considerably faster than the experiment. The reasons 
may be as follows; (i) the caisson does not play a role to suppress the mound due to no 
contact force considered between the caisson and mound particles. (ii) the movable 
mound particle is not handled in a proper way, particularly in its motion. (iii) the contact 
between mound particles is not taken into account in this study.    
 
6. Conclusion  
 
In this research, it is confirmed that good distribution in piezo water head, which 
corresponds quantitatively to the experiment implemented by Kasama (2013), was 
obtained by using a stabilized ISPH method based on the unified governing equations. 
Moreover, the shape of piping destruction of the mound is reproduced qualitatively, 
though there are still some required modifications to be done. 
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Fig.5 Projection of piping destruction 
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